Abstract. We consider the Wiener process with drift dXt = µdt + σdWt with initial value problem X 0 = x 0 , where x 0 ∈ R, µ ∈ R and σ > 0 are parameters. By use values (z k ) k∈N of corresponding trajectories at a fixed positive moment t, the infinite-sample consistent estimates of each unknown parameter of the Wiener process with drift are constructed under an assumption that all another parameters are known. Further, we propose a certain approach for estimation of unknown parameters x 0 , µ, σ of the Wiener process with drift by use the values (z
Introduction
Following [1] , the Wiener process with drift is used as a mathematical model described a random motion of a particle suspended in water which is being bombarded by water molecules. The temperature of the water will influence the force of the bombardment, and thus we need a parameter σ to characterize this. Moreover, there is a water current which drives the particle in a certain direction, and we will assume a parameter µ to characterize the drift. To describe the displacements of the particle, the Wiener process can be generalized to the process dX t = µdt + σdW t (1.1) which has solution X t = x 0 + µt + σW t (1.2) for X 0 = x 0 (see [1] , p.11) . It is thus normally distributed with mean x 0 + µt and variance σ 2 t, as follows from the properties of the standard Wiener process. This process has been proposed as a simplified model for the membrane potential evolution in a neuron.
The parameters in (1.1)-(1.2) have the following sense: (i) µ represents the equilibrium or mean value supported by fundamentals (in other words, the central location) and called a parameter of the drift in Wiener model with drift ;
(ii) σ is a parameter of the bombardment force in Wiener model with drift ; (iii) x 0 is an initioal position of the particle suspended in water in Wiener model with drift ; (iv) x t is a position of the particle suspended in water in Wiener model with drift at moment t > 0;
The purpose of the present paper is to introduce a new approach which by use values (z k ) k∈N of corresponding trajectories at a fixed positive moment t, will allows us to construct a consistent estimate for each unknown parameter of theWiener model with drift under an assumption that all another parameters are known. Note that analogous problem has been considered by L.Labadze and G. Pantsulaia for Ornstein-Uhlenbeck's stochastic process ( cf. [2] ).
The rest of the present paper is the following: In Section 2 we consider some auxiliary notions and facts from the theory of mathematical statistics and probability.
In Section 3 we present the constructions of consistent and infinite-sample consistent estimates for unknown parameters of the Wiener model with drift.
In Section 4 we present simulations and animations of the Wiener model with drift.
In Section 5 we propose a certain approach for estimation of unknown parameters x 0 , µ, σ of the Wiener process with drift by use the values (z (1) k ) k∈N and (z (2) k ) k∈N being the results of observations on the 2k-th and 2k + 1-th trajectories of the Wiener process with drift at moments t 1 and t 2 , respectively.
Some auxiliary notions and facts
We begin this subsection by the following definition.
Let {µ θ : θ ∈ R} be a family Borel probability measures in R. By µ N θ we denote the N -power of the measure µ θ for θ ∈ R. Definition 2.1. A Borel measurable function T n : R n → R (n ∈ N ) is called a consistent estimator of a parameter θ (in the sense of everywhere convergence) for the family (µ
holds true for each θ ∈ R. Definition 2.2. A Borel measurable function T n : R n → R (n ∈ N ) is called a consistent estimator of a parameter θ (in the sense of convergence in probability) for the family (µ N θ ) θ∈R if for every > 0 and θ ∈ R the following condition lim
is called a consistent estimator of a parameter θ (in the sense of convergence in distribution ) for the family (µ N θ ) θ∈R if for every continuous bounded real valued function f on R the following condition
holds. (a) an existence of a consistent estimator of a parameter θ in the sense of everywhere convergence implies an existence of a consistent estimator of a parameter θ in the sense of convergence in probability;
(b) an existence of a consistent estimator of a parameter θ in the sense of convergence in probability implies an existence of a consistent estimator of a parameter θ in the sense of convergence in distribution. 
Definition 2.5. Following [4] , a Borel measurable function T : R N → R is called an infinite sample consistent estimator of a parameter θ for the family (µ
holds.
Remark 2.2. Note that an existence of an infinite sample consistent estimator of a parameter θ for the family (µ
, then all conditions in Definition 2.4 will be satisfied.
In the sequel we will need the well known fact from the probability theory (see, for example, [3] , p. 390).
Lemma 2.1. (Kolmogorov's strong law of large numbers) Let X 1 , X 2 , ... be a sequence of independent identically distributed random variables defined on the probability space (Ω, F, P ). If these random variables have a finite expectation m (i.e., E(X 1 ) = E(X 2 ) = ... = m < ∞), then the following condition
3. Estimation of parameters of Wiener process with drift 3.1. Estimation of a parameter of the bombardment force σ in Wiener model with drift. The purpose of the present subsection is to estimate a parameter of the bombardment force σ by water molecules acting on a particle suspended in water under assumption that we know results of observations on placements of the particle at moment t 0 , a parameter of the drift µ and an initial position x 0 . Theorem 3.1.1 For t > 0, x 0 ∈ R, µ ∈ R and σ > 0, let's γ (t,x0,µ,σ) be a Gaussian probability measure in R with the mean m t = x 0 + µt and the variance σ 2 t = σ 2 t. Assuming that parameters t, x 0 and µ are fixed, denote by γ σ 2 the measure γ (t,x0,µ,σ) . Let define the estimate T n : R n → R by the following formula
provided that T n is a consistent estimator of a parameter of the bombardment force σ in Wiener model with drift for the family of probability measures (γ
Proof. Let's consider probability space (Ω, F, P ), where
for (x i ) i∈N ∈ R ∞ . It is obvious that (P r k ) k∈N is sequence of independent Gaussian random variables with m t = x 0 +µt and the variance σ 2 t = σ 2 t. It is obvious that (
) k∈N is the sequence of independent equally distributed random variables with mean σ 2 . By use Kolmogorov Strong Law of Large numbers we get
Remark 3.1.1 By use Definition 2.1, Remark 2.1 and Theorem 3.1.1 we deduce that T n is a consistent estimator of a parameter of the bombardment force σ in the sense of convergence in probability for the statistical structure (γ σ 2 ) σ 2 >0 as well T n is a consistent estimator of a parameter of the bombardment force σ in the sense of convergence in distribution for the statistical structure(γ σ 2 ) σ 2 >0 .
Theorem 3.1.2 Suppose that the family of probability measures (γ σ 2 ) σ 2 >0 and the estimators T n : R n → R(n ∈ N ) come from Theorem 4.1.1. Then the estimators
and
are infinite-sample consistent estimators of a parameter of the bombardment force σ in Wiener model with drift for the family of probability measures (γ
Proof. Note that we have
which means that T (0) is an infinite-sample consistent estimator of a parameter of the bombardment force σ in Wiener model with drift for the family of probability measures (γ
which means that T (1) is an infinite-sample consistent estimator of a parameter of the bombardment force σ in Wiener model with drift for the family of probability
Remark 3.1.2 By use Remark 2.2 we deduce that an existence of infinite sample consistent estimators T (0) and T (1) of a parameter of the bombardment force σ in Wiener model with drift for the family of probability measures (γ
Estimation of a parameter of the drift µ in Wiener model with drift.
The purpose of the present subsection is to estimate a parameter of the drift µ in Wiener model with drift under assumption that we know results of observations on placements of the particle at moment t 0 , a parameter of the bombardment force σ by water molecules acting on a particle suspended in water and an initial position x 0 . Theorem 3.2.1 For t > 0, x 0 ∈ R, µ ∈ R and σ > 0, let's γ (t,x0,µ,σ) be a Gaussian probability measure in R with the mean m t = x 0 + µt and the variance σ 2 t = σ 2 t. Assuming that parameters t, x 0 and σ are fixed, for µ ∈ R denote by γ µ the measure γ (t,x0,µ,σ) . Let define the estimate T * n : R n → R by the following formula
Then we get
for µ ∈ R provided that T n is a consistent estimator of a parameter of the drift µ in Wiener model with drift for the family of probability measures (γ
for (x i ) i∈N ∈ R ∞ . It is obvious that (P r k ) k∈N is sequence of independent Gaussian random variables with m t = x 0 + µt and the variance σ 2 t = σ 2 t. It is obvious that (
) k∈N is the sequence of independent equally distributed random variables with mean µ.
By use Kolmogorov Strong Law of Large numbers we get
Remark 3.2.1 By use Definition 2.1, Remark 2.1 and Theorem 3.2.1 we deduce that T * n is a consistent estimator of a parameter of the drift µ in Wiener model with drift in the sense of convergence in probability for the statistical structure (γ µ ) µ∈R as well T * n is a consistent estimator of a parameter of the drift µ in Wiener model with drift in the sense of convergence in distribution for the statistical structure (γ µ ) µ∈R . Theorem 3.2.2 Suppose that the family of probability measures (γ µ ) µ∈R and the estimators T * n : R n → R(n ∈ N ) come from Theorem 4.2.1. Then the estimators
are infinite-sample consistent estimators of a parameter of the drift µ in Wiener model with drift for the family of probability measures (γ µ ) µ∈R .
is an infinite-sample consistent estimator of a parameter of the drift µ in Wiener model with drift for the family of probability measures (γ
which means that T 
. Let define the estimate T * * n : R n → R by the following formula
for x 0 ∈ R provided that T * * n is a consistent estimator of an initioal position of the particle suspended in water in Wiener model with drift for the family of probability measures (γ ∞ x0 ) x0∈R . Proof. Let's consider probability space (Ω, F, P ), where
For k ∈ N we consider k-th projection P r k defined on R ∞ by
for (x i ) i∈N ∈ R ∞ . It is obvious that (P r k ) k∈N is sequence of independent Gaussian random variables with m t = x 0 +µt and the variance σ 2 t = σ 2 t. It is obvious that (P r k −tµ) k∈N is the sequence of independent equally distributed random variables with mean x 0 .
Remark 3.3.1 By use Definition 3.1, Remark 2.1 and Theorem 3.3.1 we deduce that T * * is a consistent estimator of an initioal position x 0 of the particle suspended in water in Wiener model with drift in the sense of convergence in probability for the statistical structure (γ x0 ) x0∈R as well T * * is a consistent estimator ofan initioal position x 0 in the sense of convergence in distribution for the statistical structure(γ x0 ) x0∈R . Theorem 3.3.2 Suppose that the family of probability measures (γ x0 ) x0∈R and the estimators T * * : R n → R(n ∈ N ) come from Theorem 3.3.1. Then the estimators T (0) * * * : R ∞ → R and T
(1) * * * : R ∞ → R defined by
and T
(1) * * * ((z k ) k∈N ) = lim n→∞ T * * ((z k ) 1≤k≤n ). (3.3.6) are infinite-sample consistent estimators of an initioal position x 0 of the particle suspended in water in Wiener model with drift for the family of probability measures (γ x0 ) x0∈R .
which means that T (0) * * * is an infinite-sample consistent estimator of an initioal position x 0 of the particle suspended in water in Wiener model with drift for the family of probability measures (γ x0 ) x0∈R .
Similarly, we have
which means that T
(1) * * * is an infinite-sample consistent estimator of an initioal position x 0 of the particle suspended in water in Wiener model with drift for the family of probability measures (γ x0 ) x0∈R . Remark 3.3.2 By use Remark 2.2 we deduce that an existence of infinite sample consistent estimators T (0) and T (1) of an initioal position x 0 of the particle suspended in water in Wiener model with drift for the family of probability measures (γ x0 ) x0∈R (cf. Theorem 3.3.2) implies that the family (γ x0 ) x0∈R is strictly separated.
Simulations, calculations and animations of the Wiener process with drift
In this section we present some programms in Matlab for simulation and animation of the Wiener process with drift. In preparation of these programms we have used main approaches and technique introduced in [5] .
The simulation of the Wiener process with drift can be obtained as follows:
where (d k ) k∈N is realization of independent standard Gaussian random variables.
is k-th realizations of the infinite family of independent standard Gaussian random variables, then the value of the k-th trajectory of the Wiener process with drift at moment t will be
for each k ∈ N . In our simulation we use MatLab command random('Normal',0,1,p, q) which generates p coppies (d
of realizations of the finite family of independent standard Gaussian random variables of lenght q .
In our simulation we consider the following approximation 
Below we present some numerical results obtaining by using MatLab and Microsoft Excel. In our simulation (i) n denotes the number of trials; (ii) x 0 = 3 is an initial position of the particle suspended in water; (iii) µ = −1 is the equilibrium or mean position supported by fundamentals; (iv) σ = 2 is the parameter of bombardment in Wiener process with drift ; (v) t = 0.5 is the moment of the observation on the Wiener process with drift ; (vi) z k is the value of the k-th trajectory of Wiener process with drift at moment t = 0.5 (see, Figure 1 and Table 4 .1). Table 4 .1. The value z k of the the Wiener process with drift at moment t = 0.5 when x 0 = 3, µ = −1, σ = 2. Table 4 .2. The value of the statistic T n for the sample (z k ) 1≤k≤n (n = 5i : Table 4 .2, we see that the consistent estimator T n works successfully. 
plot (X, Y, r , LineWidth , 1) drawnow; pause(1); end An animation given by this programm applies N different trajectories which are defined by N coppies of realizations of the finite family of independent standard Gaussian random variables of lenght 1001 generated by Matlab operator x1 = random( N ormal , 0, 1, N, 10001);
Further investigations
Suppose that (z (1) k ) k∈N and (z (2) k ) k∈N are results of observations on the 2k-th and 2k + 1-th trajectories of the Wiener process with drift at moments t 1 and t 2 , respectively. Note that having such an information we can estimate unknown parameters x 0 , µ, σ for Wiener process with drift .
The first step in this direction is made by the following proposition.
Theorem 5.1 For t > 0, x 0 ∈ R, µ ∈ R and σ > 0, let's γ (t,x0,µ,σ) be a Gaussian probability measure in R with the mean m t = x 0 + µt and the variance σ 2 t = σ 2 t. Assuming that the parameter σ is fixed, for t 1 > 0, t 2 > 0,x 0 ∈ R, µ ∈ R denote by γ (x0,µ,t1) and γ (x0,µ,t2) the measure γ (t1,x0,µ,σ) and γ (t2,x0,µ,σ) , restectively.
We put γ (x0,µ) = γ (x0,µ,t1) × γ (x0,µ,t2) . Let define the estimate T n : (R 2 ) n → R 2 by the following formula
for (x 0 , µ) ∈ R 2 provided that T n is a consistent estimator of a parameter (x 0 , µ) for the family of probability measures (γ
It is obvious that P r
are also projection operators for (x
It is obvious that (P r
k ) k∈N is sequence of independent one-dimensional Gaussian random variables with expectaion equal to x 0 + µt 1 and the variance equal to σ 2 t 1 . Similarly, (P r
k ) k∈N is sequence of independent one-dimensional Gaussian random variables with expectaion equal to x 0 + µt 2 and the variance equal to σ 2 t 2 . Note that by use Kolmgorov strong law of large numbers, we have
We have 
k ) 1≤k≤n ) (5.7)
k ) k∈N ) = lim n→∞ T n ((z
k ) 1≤k≤n ). (5.8)
are infinite-sample consistent estimators of a parameter (x 0 , µ) for the family of probability measures (γ ∞ (x0,µ) ) (x0,µ)∈R 2 .
Proof. By using (5.2), we get γ ∞ (x0,µ) {z
k ) 1≤k≤n ) = (x 0 , µ)} = 1, which means that T (0) is an infinite-sample consistent estimators of a parameter (x 0 , µ) for the family of probability measures (γ ∞ (x0,µ) ) (x0,µ)∈R 2 . Similarly, by using (5.2), we have
k ) 1≤k≤n ) = (x 0 , µ)} ≥ γ ∞ (x0,µ) {z
k ) 1≤k≤n ) = (x 0 , µ)} = 1, which means that T (1) is also an infinite-sample consistent estimators of a parameter (x 0 , µ) for the family of probability measures (γ ∞ (x0,µ) ) (x0,µ)∈R 2 . k ) k∈N and (z (2) k ) k∈N being the results of observations on the 2k-th and 2k+1-th trajectories of the Wiener process with drift at moments t 1 and t 2 , respectively, we can estimate parameters x 0 and µ. So an estimation of the parameter σ is reduced to the case described in Theorem 3.1.
